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Locally algebraic automorphisms of the PGL2(-F)-tree and o-torsion 

representations 

Elmar Grosse-Klonne 

Abstract 

For a local field F and an Artinian local coefficient ring A with the same 
positive residue characteristic p we define, for any e € N, a category of 

GL 2 (F)-equivariant coefficient systems on the Bruhat-Tits tree X of PGL 2 (F). 
There is an obvious functor from the category of GL 2 (F’)-representations over A to 
£^®)(A). U F = Qp then £(^)(A) is equivalent to the category of smooth GL 2 (Qp)- 
representations over A generated by their invariants under a pro-p-Iwahori subgroup. 
For general F and e we show that the subcategory of all objects in with 

trivial central character is equivalent to a category of representations of a certain 
subgroup of Aut(A) consisting of ’’locally algebraic automorphisms of level e”. For 
e = 1 there is a functor from this category to that of modules over the (usual) 
pro-p-Iwahori Hecke algebra; it is a bijection between irreducible objects. 

Finally, we present a parallel of Colmez’ functor V i—)• D(l/): to objects in 
(for any F) we assign certain etale {ip, r)-modules over an Iwasawa algebra o[[Ag\^]] 
which contains the (usually considered) Iwasawa algebra o[[Ao]]. This assignment 
preserves finite generation. 

Keywords: Local field, Bruhat-Tits tree, torsion representations, pro-p-Iwahori 
Hecke algebra, (</?, F)-modules 
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1 Introduction 

Let F be a local field with residue characteristic p > 0 and uniformizer pp ^ Op generating 
the maximal ideal pi? of the ring of integers Op. Let G be the group of F-rational points of 
a reductive algebraic group over F. An important tool in the smooth representation theory 
of G on vector spaces over the complex numbers C is the localization technique which has 
been systematically developed by Schneider and Stuhler in their work [7]. Assigning to a 
smooth (admissible, hnite length) G-representation on a C-vector space V and a simplex 
r in the Bruhat-Tits building of G the space of invariants of V under a suitable open 
subgroup of G hxing r, one obtains a G-equivariant (homological) coefficient system Fy 
on A. If this assignment is carried out with appropriate care then V can be recovered from 
Fv as G = Hq{X, Fv), and in this way, the study of smooth (admissible, hnite length) 
complex G-representations is transformed into the study of coefficient systems on A — 
in a sense these coefficient systems are ’smaller’ objects, accessible by the representation 
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theory of finite groups. These constructions work well also for smooth G-representations 
on vector spaces over helds of positive characteristic different from p. 

On the other hand, if we ask for smooth G-representations on vector spaces V over 
a held k of characteristic p, then analogous assignments V i—)■ J^v are much weaker in 
general; typically, they do not allow to recover V. There seems to be basically only one 
example class of smooth (and possibly supercuspidal/supersingular) G-representations 
over k for which the classical (complex) theory carries over to wide extent: this is the 
case where G = GL2(Qp) (or G = SL2(Qp), or G = PGL2(Qp)) and where the smooth 
G-representations considered are generated by their invariants under a pro-p-Iwahori sub¬ 
group of G. Namely, the category of these smooth G-representations is equivalent to 
a category of G-equivariant coefficient systems on the Bruhat-Tits tree X of PGL2(Qp) 
satisfying a simple and natural axiomatic (i.e. the category below). See [ 5 ] or 

Theorem 12.31 below for the precise statement. 

The purpose of this paper is to discuss similar concepts for the groups G = GL2(F) for 
general F. As in [ 7 ] we £x an index e > 1 (the ’level’) and, for an edge p of the Bruhat- 
Tits tree X of PGL2(F), we consider the open subgroup of G ’of level e’ which hxes 
p. We £x an edge a of X. For a ring A let C(®^(A) denote the category of G-equivariant 
homological coefficient systems of A-modules F on X such that for any vertex x and any 
edge p with x ^ p the transition map F{p) —)■ F{x) is injective, its image is F{x )^^' 
and generates F{x) as a representation of the stabilizer of x in G. There is an obvious 
functor V i—)■ from the category of G-representation on A-modules to the category 

it satishes Fy'^ (a) = . If A = C then the category of smooth, admissible, 

TjiO 

hnite length G-representations over C generated by embeds into a full subcategory 
of £*'®^(C) by means of this functor V i—)■ FyK Therefore it is natural to ask for the 
relevance of the category £*^®)(A) for arbitrary A. Is it equivalent to a suitable category 
of G-representations ? 

Let (A) denote the subcategory of all F E (A) on which the action of G factors 
through PGL2(F’). The basic observation of the present paper is that the PGL2(F’)-action 
on any F E (£q^^(A) and also on its homology Hq{X, F) naturally extends to a much larger 
group G^®^ containing PGL2(F’) and contained in the automorphism group Aut(X) of the 
tree X. Briefly, an element of Aut(X) belongs to G^'^^ if and only if for any edge p of 
X it acts on the ball of radius e + ^ around p like an element of PGL2(F’). We call the 
elements of G*-®^ locally algebraic automorphisms of X of level efl 

*In particular we see that the smooth, admissible, finite length PGL 2 (F)-representations V over C 
generated by automatically carry an action by the larger group For F ^ Qp this fails if 

C is replaced by k (as follows e.g. from 0), and from the point of view of the present paper, the 
failure of this principle is the reason for, or the manifestation of, the difference between the smooth 
PGL 2 (F')-representation theory over C and over k. 
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The subgroups of G have as natural analogs certain pro-p-subgroups of 
Given a -represent at ion V we assign to it the coefficient system J^y'^ G £q^^(A) with 
J^v\ri) = ' for edges rj. Let fHo^^(A) denote the category of -represent at ions V 

over A generated by , and smooth when regarded as representations of u!f\ (We 
find it convenient not to work with a topology on as a consequence, we do not have 
available the concept of a smooth G^'^^-representation. Instead, the subgroups (and 
their open subgroups) mimick the role which open subgroups play in usual smooth rep¬ 
resentation theory.) Let now o be a complete discrete valuation ring with residue field A;, 
and assume that A is an Artinian local o-algebra with residue field k. Then our first main 
theorem is the following fTheorem I3.5p : 

Theorem: The assignments T ^ Hq[X,T) and V i—)■ iFy^ are an equivalence of 
categories between Glo'^^(A) and fHo'^^(A). For T G <Lo'^^(A) and V G 9fo'^^(A) we have 
natural isomorphisms 

^ H,{X, V. 


Let TLiyifG^U^'’) = A[Gct^\G/Gct^^] denote the pro-p-Iwahori Hecke algebra over A. 
For a smooth G-representation V over A the submodule of Gi-^^-invariants of V is 

naturally an 'Ha{G, GCT^^)-right module. In an early stadium of the investigations of the 
smooth representation theory of G over k it was not clear (see e.g. [9]) if, parallel to sim- 

rr(l) 

ilar results over C, the functor V i—)■ was a bijection between isomorphism classes 

of smooth (admissible) irreducible G-representations over k with a central character, and 
isomorphism classes of simple TikiG, GCT^^)-right modules (assuming k to be algebraically 
closed). For F = Qp this is indeed correct (see Vigneras [9]; this also uses important work 
of Breuil). However, work of Breuil and Paskunas [3] then showed that if F 7 ^ Qp there are 
many more smooth irreducible G-representations over k than expected, disproving such 
a correspondence if F 7 ^ Qp. Again we suggest to look at G*^^^-represent at ions instead 
of G-representations. We observe that also for any V G 9dQ^^(A) the A-module of 

Gi-^^-invariants of V is naturally an TLaIG, Gi-^^)-right module (but we do not consider the 
Hecke algebra A[ui^\G^^yui^'^]). We call V G 9fo^^(A) admissible if is a finitely 

generated A-module. Our second main theorem then reads (Corollary 14.6p : 

Theorem: Assume that k is algebraically closed. The functor V i-G- ^ induces a bi¬ 
jection between the isomorphism classes of admissible irreducible G^^^ -representations and 
the isomorphism classes of simple TLkiG, Ua^'*)-right modules with trivial central character. 
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In this connection let us mention Vigneras’ result [9]: the number of supersingular 
simple 17CT^^)-right modules with a given action of the scalar matrix pp is exactly 

the number of irreducible representations o; 
with a given value of the determinant at pp 

In the hnal section we take a look, from the perspective of the present paper, onto 
Colmez’ functor from smooth GL 2 (Qp)-representations on o-torsion modules (where [o : 
Zp] < oo) to {if, r)-modules. First, for general F, let denote the pro-p-subgroup of G 
consisting of unipotent upper triangular matrices with off-diagonal entries in p^f^Op. In 
gh) we hnd (non-abelian) pro-p-subgroups and which play an analogous role, 

but which are much larger than (now itself disappears from our discussion), 
is a product of copies of and, if we set = Y\.a&OF/p^ for ^ > 0 , then 

is abstractly the quotient of 

(...(^,x(...(q32X(^lX^o))...))•••) 


the Weil group of F of dimension 2 over k 


by the product of the images of all maps 


(diag, -id) : JJ ^ ^k+i x 

a€OF/p% 


The A'^Q^^-action on any F G C^®^(o) naturally extends to a A^g^^-action on F^ hence also 
to a A^g^^-action on Ho{X, F). 

Take e = 1 for the moment (in the text we consider general e > 1, but see Lemma 
I5.5p . Given an o-torsion object F G €*^^^( 0 ) such that F(a) is a hnitely generated 0 - 
module, we faithfully copy Golmez’ constructions, as reconsidered e.g. in [10]: To F we 
functorially assign a hnitely generated module T*(-F) over £(A'g\^) = o[[A"q\^]], endowed 
with an additional etale structure (see the text for the precise dehnition: a morphism 

' Op-{t)} 0 \ 


D'{F) —!■ D{F) and compatible semilinear actions by the monoid 


0 


resp. its inverse monoid, satisfying an etaleness requirement). 

Precomposing with V 1 —)■ Fy^ we obtain a functor which is a variation, available for 
arbitrary F, on Golmez’ functor V 1 —)■ D(G). 

However, if F 7 ^ Qp we are not able to assign finitely generated etale (p, r)-modules 
over Fontaine’s ring Og to F G £^^^( 0 ). 


^Initiated by Cartier, the structure theory of the full automorphism group Aut(X) of X (decomposition 
theorems similar to those known for PGL 2 (A)) and its smooth complex representation theory have been 
thoroughly developed, see e.g. [3]. It follows from results of [3] that the structure theory of the groups 
gF) is parallel to that of Aut(A), see Theorem 13.11 Motivated by the present work one might ask for 
their representation theory over 0 . 
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2 Coefficient systems 

Let F be a non archimedean local held with hnite residue class held kp of characteristic 
p. Let G = GL 2 (F). Let Z be the center of G. 

Let X be the Bruhat-Tits tree of PGL 2 /F. Let denote its set of vertices, let 
denote its set of edges; throughout, we identify an edge with its two-element set of vertices. 
Let d : x —)■ Z>o be the counting-edges-on-geodesics distance. By dehnition, an 

automorphism of X is a permutation g of with d{x, y) = d{gx, gy) for all x, y G 
clearly such a g also induces also a permutation g of X^. 

We hx a = {x+,X-} G X^. 

For X G let C G denote the maximal compact subgroup hxing x, let C 
denote its maximal normal pro-p-subgroup. For e G N let = AyUy^'^ where y runs 
through all y G with d{x,y) < e — 1. For r = {xi,X 2 } G X^ let C G be the 
subgroup generated by uif and this is again a pro-p-group. For e > 0 we put 

Z^^\x) = {p G I d{x, y) < e} for x G 

If e > 1 then Z^^\x) = \ the hxed point set of acting on Next, for e > 0 

we put 

Z^^\t) = Z^^\xi)A Z^^\x2) for r = {xi,X2} G Xb 

We have 


Let 0 be a complete discrete valuation ring held with residue class held k of characteris¬ 
tic p. Let Art(o) denote the category of Artinian local o-algebras with residue class held k. 

Definition: Let A G Art(o). A homological coefficient system X in A-modules on X 
is a collection of data as follows: 

— a A-module X{t) for each simplex r 

— a A-linear map ; X(r) ^ for each x G X° and r G X^ with a; G r. 

We obtain a A-linear map 

(1) 0 ^t) 0 T(x) 

rexi xexo 
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sending / G J-{t) to ^x(/)- The cokernel of the map ([T]) is denoted by Ho{X,J^), 


its kernel is denoted by Hi{X,X). 

Lemma 2.1. Let X be a homological coefficient system on X for which the transition 
maps rl '■ X{t) —)■ X{x) are injective, for all x ^ r E X^. 

For any y G X^ the natural map Xiy) —?■ Hq{X,X) is injective. In particular, if 
Hq{X,X) = 0, then X = t). 

Proof: Suppose that the map ([I]) sends c = (ct-)t G ©rGXi‘T(r) to the submodule 
of © a:gxO‘T(x) (i.e. to an element with zero-component in all X{y') for all y' ^ y). 
We claim that c = 0. Otherwise there is some r G X^ with c,- 7 ^ 0 and some x G r such 
that d{y,x) is maximal (for all such r and x). But then x ^ y and the injectivity of 
rjj : X{t) ^ •T'(x) shows = 0, contradiction. □ 

Let iL be a group (or a monoid) acting on X (through automorphisms of X). We say 
that the homological coefficient system X is iL-equivariant if in addition we are given a 
A-linear map Pr : X(r) —?■ X{gT) for each g E H and each (0- or l-)simplex r, subject to 
the following conditions: 

(a) QhT o hr = {gh)r for each g,h E H and each simplex r 

(b) It = idj-(T) for each simplex r 

(c) r^l o g,j, = Qt ° '^x 6^ch g E H and each x E X^ and r G X^ with x E t. 

It is clear that if X is an iL-equivariant homological coefficient system, then H acts 
compatibly on the source and on the target of the map ([I]), hence it acts on Hq{X, X) and 
on Hi{X,X). There is an obvious notion of a morphism X ^ Q between if-equivariant 
homological coefficient systems: a collection of maps X{t) —)■ G{t) for all simplices r, 
compatible with the restriction maps and the if-actions. 

Definition: For A G Art(o) let £h)(A) denote the category of G-equivariant homo- 
logical coefficient systems X in A-modules on X satisfying the following conditions: 

(a) for any (0- or l-)simplex r the action of LJ^r'^ on X(r) is trivial, 

(b) for any z E g E X^ the transition map rf : X{rj) -E X{z) is injective, its image 

(e) (e) 

is X{z)^^ , and this image X{z)^'^ generates X{z) as a X^-representation. [Thus, for 


z E X^,ii S = {g E X^\z E g}, then X{z) = im(r^^).] 


Let P be a G-representation on a A-module. We dehne a coefficient system Xy'^ on 
X as follows: 




yexO 

ix,y}ex^ 


yexO 

{x,y}ex^ 
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for ?7 G and x G (where in the definition of Xy\x) the snm is taken inside V). 
Lemma 2.2. belongs to 

Proof: This is obvions. □ 

For A G Art(o) let denote the category of G-representations on A-modnles 

which are generated by their t/ff'^^-fixed vectors. 

Theorem 2.3. Assume that F = Qp. The assignments F Ho{X,F) and V i—)■ Fy^ 
are an eguivalence of categories between £d)(^7\) and iK’^^^(A). For F G and V G 

the natural maps 

( 2 ) 

are isomorphisms. 

Proof: [5]. □ 


3 Subgroups of the automorphism group of the tree 

Definition: For e G N let denote the set of antomorphisms g oi X with the 
property that for all /i G X^ there is a g' ^ G snch that the restrictions of g and g' to 
Z(®)(/i) (viewed as maps —)■ X°) coincide. is easily seen to be a snbgronp of 

Ant(X); we call it the gronp of locally algebraic antomorphisms of X of level e. We have 
the chain of gronp inclusions 

PGL 2 (F) c ... c G("+^) c G(") c ... c G(^) C Aut(X). 

The following Theorem 13.11 follows from the work of Choucroun [1]. This theorem (like 
the notations we need in order to formulate it) is not needed in the sequel, but of course 
it should be stated. 

Fix a sequence of vertices ..., a;_ 2 , a;_i, xq, xi,X 2 , ■ ■ ■ forming a geodesic in X. Let 
(resp. denote the stabilizer in G*^®^ of the end of X corresponding to Xo,Xi,X 2 , ■ ■ ■ 

(resp. to ..., a;_ 2 , a;_i, Xq). Let ^ denote the subgroup of consisting of all g G B^'^ 
with g(xn) = Xn for almost all n > 0. Let denote the stabilizer in G*-®^ of the vertex 
xq. Let denote the stabilizer in G^®^ of the edge {a:o, a:i}. Let denote the pointwise 
stabilizer in G^®) of ..., X- 2 , a:_i, xq, xi, X 2 , ■ ■ ■■ 

Let s G PGL 2 (F) C G^®^ be an element with s(x„) = x_„ for all n G Z, let (p G 
PGL 2 (F’) C G*^®^ be an element with (p(x„) = x^+i for all n E h. 
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Theorem 3.1. (a) Cartan decomposition: 


= ]J 

m£l,>o 

(b) Iwasawa decomposition: 

Qie) ^ 

(c) Bruhat decomposition: 

Q{e) ^ JJ- 

and moreover, nisB^'^ n riisB^'^ ^ ^ if o-nd only if = n 2 T^^\ 

(d) We have 

(e) We have 

J{e) ^ (jle) ^ 

fie) ^ p §ie)^ p p §{e)~^_ 

Proof: This follows from [1] Theorem 1.5.2 as is closed in Aut(X) and contains 
the group PGL 2 (P) which (in the terminology of [4]) acts weakly two transitive on X. □ 

Definition: For a 1-simplex p let denote the set of automorphisms 5 ^ of X with 
the property that for all /i G there is a 5 ^' G such that the restrictions of g and 
g' to (viewed as maps —)■ X°) coincide. Notice that this implies: for all 

X G X° there is a G ujf'^ such that the restrictions of g and g' to Z^^fx) coincide. 


Clearly ulf'^ is a subgroup of and the natural map G —?• restricts to a 


map 


U, 


(e) 


Remark: We do not impose any topology on G^®k However, in the following we 
mimick the smooth representation theory of p-adic reductive groups by assigning to the 
subgroups of G*-®^ the role of open subgroups. On the other hand, on these individual 

subgroups we do consider their pro-p-topology (cf. Lemma [3^ . 


Lemma 3.2. is a pro-p-group, for any e G N. 

Proof: For any m > 0 , restriction induces a group homomorphism —)■ Aut(Z*^"^^ 

to the symmetric group Ant{Z^"^\a)) on the set and we have 

Uf'> = Aut(Z(”^)((T))]. 




Therefore we need to show that all the —)■ Aut(Z^”^^((T)] are hnite p-groups. We 

do this by induction on m. For m < e the map ujf'^ — )■ is trivial. Now let 

m > e. Let g G and G Then {z) = z for some iV > 0 by induction 

hypothesis. As g^^ G ujf'^ we hnd some h G such that the restrictions of h and g^^ to 
Z^^\z) coincide. Since g^^(z) = z this is an equality h = g^^ in Aui{Z^'^\z)). Now 
is a pro-p-group, therefore we hnd some M > 0 such that hP^ acts trivially on 
Therefore gP^*^ acts trivially on Z^'^">{z). Thus, there is some iF > 0 such that gP^ acts 
trivially on Z^'^\z) for any 2 ; G As 

Z^^\a) C IJ Z^^\z) 

we are done. □ 

Definition: Let ^g'^^(A) denote the category of all PF G £*'®^(A) for which the G-action 
factors through PGL 2 (F) = GjZ. 

Let T G Co^^(A) and g G Given p G choose a g' E G restricting to g on 

Z^^^g) and dehne g^^ : X(p) —)■ J^{gg) to be the map g'^ : X(p) —)■ J^{g'g) = F{gg). This 
dehnition is independent of the choice of g'. Indeed, let also g" G G restrict to g on 
Then g'~^g" belongs to the pointwise stabilizer StabG(Z‘^®)(p)) of Z^^^g) in G. If 
X is one of the vertices of p, we have 

StabG(^^"nh)) C StabG(^^"na^)) = C 

Since ujf'^ Z acts trivially on X(p) by the dehnition of we see that g'~^g” acts 

trivially on X(p). Therefore g' and g" = g'{g'~^g") dehne the same maps -F(p) —)■ PF{gg). 
Similarly, given x G X°, we choose a g' E G restricting to g on Z^^\x) and dehne 
gx ; -F(a;) —)■ J^(gx) to be the map g'^ : J^{x) —)■ J^{g'x) = J^{gx); again this does not 
depend on the choice of g'. 

Lemma 3.3. The above definitions make PF into a G^^^-equivariant coeffieient system on 
X. In particular, G*^^^ acts on Hq{X,X). 

Proof: This is clear. □ 


Lemma 3.4. Let A G Art(o). For any X E (tg'^^(A) the natural maps 


(3) 


im r. 


= X{x? 


X, 


E) 


Ho{X,X) 


u, 


E) 


are bijective, for both ? = + and ? = —. 
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Proof: The injectivity follows from Lemma [2.11 Now we prove surjectivity. Let the 

■^(e) 

0-chain c = {c^)vexo represent the class [c] in Hq{X, . Let n{c) G Z>o be minimal 
with supp(c) C By induction on n(c) we show that [c] lies in the image of the 

map ([3]). If n{c) = 0 the statement is clear: use the injectivity of X{x?) —)■ Ho{X,X) 
fLemma l2.ip . Now let n(c) > 0. 

rr(e) 

Claim: We have G X{z) for all z G where z~ G is such 

that {z~, z} G X^. 

Given the claim, the dehning properties of Cg'^^(A) allow us to pass from c = (c„)„gxo to 
a homologous 0-chain c' = (cj,)„gxo with n(c') = n(c) — 1. Then the induction hypothesis 
can be applied. 

To prove the claim, let g G We hnd g' G with glli^^ = g'Ui^\ Let 

w G Z{n{c)-2) 

(a) be such that {w, ^ } G XL (If n(c) = 1 and hence 2 ; G a, then take w 
such that {w,z~} = a.) Removing {w,z~} from X we are left with two disjoint closed 
full subhalftrees of X: the halftree X 2 rooted at w, and the half tree Xi rooted at 
As g' hxes {w, z~} pointwise, the action of g' on X respects X 2 and Xi. Let ^ G Aut(X) 
be the unique element hxing X 2 pointwise and acting on Xi like g'. It then follows by 
construction that in fact 'g belongs to and satishes the following properties: 

(i) For any y G with diy, z~) < d{y, z) we have g(y) = y, and g acts trivially on 

Hv)- 

(ii) We have ^ on X{z), and hence g = g on X{z) (as acts trivially on X{z)). 
As the support of c is contained in the set of all y G X^ mentioned in (i), together 

with z, we have 

g(c) -c = g{cz) -Cz= g{cz) - Cz. 

On the other hand, the class [c] is -invariant, i.e. 'g{c) — c maps to the zero element 
in Ho{X,X). Together, using Lemma [2T] we see that g{cz) = Cz, as desired. □ 

Definition: We dehne IHq'^^(A) to be the category of representations of on A- 
modules which are generated by their f/i'^^-hxed vectors and which, when restricted to 
, are smooth f/a^^-representations. 


Definition: Given V G 


(A) we dehne a coefficient system Xy 


(e) 


as follows: 


X(’i) = r 


U, 


(O 


and ^ ^ Xif^({x,|/}) 

yexO yexO 

{x,y}ex^ {x,y}ex^ 


for rj G X^ and x G X° (where in the dehnition of Xy\x) the sum is taken inside V). 
The transition map rj! : Xy\g) —)■ Xy\x) for a; G 77 is dehned as follows: if x lies in the 
SL 2 (P)-orbit SL 2 (F)a;+ of x+, then rj! is the inclusion; if however x G SL 2 (F)a;_ then r^ 
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is the negative of the inclusion. (Notice that = SL 2 (F)x+ ]J SL 2 {F)x-.) 


The following result is an analogue of Theorem 12.31 

Theorem 3.5. (a) For F G we have Ho{X,F) G 9fo^^(A). For V G 93g'^^(A) we 

have Fy^ G (A). 

(b) These assignments F ^ Hq{X,F) and V i-G- Fy'^ are funetorial in a natural way 
and form an adjoint pair: for F G (A) and V G (A) we have a natural isomorphism 

(4) }lom^:^.,^^^{HoiX,F),V) = 

(c) These functors are an eguivalence of categories between and 9fo^^(A). 

(d) For F G 'tg^^(A) and V G iHo‘^^(A) the natural maps 


(5) 


F 


F, 


(e) 


Ho(X,X) 


( 6 ) 


Ho{X,F\ 


P) 


1 / 


are isomorphisms. 

Proof: (a) For {x, z} G X^ we hrst claim that 


(7) 


iU', 


(e) 

{x,z}^ 


n 


u: 


(e) 




= U 


F) 

{x,z}- 


yexO 

{x,y}exl 


The containment of the left hand side in is obvious. Conversely, let u G 

Multiplying by an element in we may assume that u hxes pointwise. But 

then it is easy to see that u G U^^y} U ^ with {x, ?/} G Xh Now let 

V G iHg'^^(A). We claim that 


( 8 ) 




yexO 

{x,y}exi 


(O 


U' ' 

The containment of V in the left hand side is obvious. The reverse containment 


(<=) 


follows from formula ([7]). Formula ([H]) says Fy\x)'^A,^} = Fy\{x,z}). This shows that 

G c:f)(A). 

Next, let F G £o*^^(A). Since Hq{X,F) is generated (as a G^^Aj-epresentation) by 
F{a), it is in particular generated by its -fixed vectors. Moreover, the f/i'^^-action 
on Ho{X,F) is smooth: Indeed, given an element v of Ho{X,F), we pick a 0-cycle 
c G Co{X,F) representing v. We hnd m > e such that c is supported on 


\U 


(=) 


_ FA 
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Thus c and hence v is hxed by the kernel of —)■ Aut(Z*'™'^((T)); this kernel is of hnite 

index in \ hence open in (cf. the proof of Lemma l3.2p . We have shown that 

For statement (b), the proof is the same as in |5j Lemma 1.2. Statements (a), (b) and 
(d) together imply statement (c). 

(d) We prove the bijectivity of the map dH]). The composite 






=(e) 


(e)/ 




is just the inclusion of into V. The map —)■ HQ{X,Xy^) 


V 


Lemma 13.41 therefore the map Ho{X,Xy'^)^^^ —)■ 1/ is injective. If the map 


y j is surjective by 
If the map (E]) was 

not injective, then, as (jb]) is t/i'^^-equivariant, the kernel of ([6]) would contain a non-zero 
A[t/CT‘^^]-submodule. But then, as A is Artinian with residue field k, this kernel would also 
contain a non-zero fc[[/i-'^^]-submodule. As u!f'^ is a pro-p-group by Lemma [3.21 as it acts 
smoothly on Hq{X,X) and as char(fc) = p, this kernel would therefore have a non-zero 
vector invariant under Ua^: contradiction to the injectivity of Ho{X, —)■ V. Thus, 

the map ([6]) is injective. Its surjectivity is clear as V is generated by its -invariant 
vectors. 

Finally, it remains to prove that the map (I5l) is an isomorphism. Fix X G (£q^\A). For 


the course of this proof let us write Xj/ instead of X 


(e) 

Ho(X,Ty 


For r G let Xr,+ G X° 


denote the vertex of r belonging to the orbit SL 2 (A)a;+. As X has injective transition 
maps the composition 

X{t) X{xy^)^E^{X,X) 


is injective, see Lemma [2Tl Clearly the map Xh{t) —^ XH{xy+) — >Hq{X,X) is injec¬ 
tive, too. Using these maps we regard X{t) and Xh{t) as being contained in Ho{X,X). 
Our hypotheses on X and the definition of Xh show that in this way we may regard X 
as a sub coefficient system of Xh- Namely, as acts trivially on X(r) for r G X^, we 
have the injective maps 


: X{t) Ho{X,Xf^^' = Xh{t), 


(e) 


and as X{x) = X{t) the a,- also induce injective maps 

X^T 

: X{x) = Y, Ho{X,xf'^' = Xh{x) 

rexl -rexl 

X^T xGt 

for X G X°. This morphism of coefficient systems X —?■ Xh induces a map a : E^{X,X) ^ 
Ho{X, Xh)- On the other hand, let /9 : Ho{X,Xh) Hq{X,X) be the natural morphism 
corresponding to the identity on Xh under the isomorphism (01). 
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Claim: (5 o a is the identity on Ho{X,iF). 

As is generated by the images of the natural maps '■ X{x) Hq{X,X) 

for all X G it is enough to show (3 o a o ior all x G If 

r]^ : Xh{x) —)■ Ho{X,Xh) 

denotes the natural map, then we have a o = rj^ o ax hy the dehnition of a. Now by 
the dehnition of (3 we have that (3 o rjx is just the inclusion 

J^h{x) = ^ Ho{X,X) 

rexl 

X^T 

for all X G It follows that jdoaoix = l3orixOax is the inclusion of X[x) into Ho{X,X), 
i.e. it is the map ix-, as desired. The claim is proven. 

By the bijectivity of the map ([6]), applied to Id = Hq{X^3F), the map (3 is an isomor¬ 
phism; hence a is an isomorphism, by the above claim. In particular, Ho{X, 3 Fh/3F) = 0. 
But it follows from our hypotheses on 3F that for all x G G X^ we have 

^hW) C7{x)= Tiji) 

inside 3Fh{x), i.e. {3Fh/ 3F){vi) —)■ {3FhI 3F){x) is injective, i.e. the quotient system 3FhI3F 
has injective transition maps. These two facts together imply 3FhI3F = 0, see Lemma [2Tl 
We get 3Fh = -T, i.e. the map ([6]) is an isomorphism. □ 


4 Modules over the pro-p-Iwahori Hecke algebra 

Let A G Art(o) and e G M. Let = ind^(e)lA denote the G-representation on the 

^ cr 

A-module of compactly supported A-valued functions on Let 


?fA(G,f/(^))=EndG(J'i'^ 

the Hecke algebra of C G, with coefficients in A. (For e = 1 this is the pro-p- 
Iwahori Hecke algebra over A.) It is naturally isomorphic to the A-algebra A.\u‘if^\G 
(in which multiplication is given by convolution). This isomorphism sends the coset 
gU!f \ for p G G, to the endomorphism of which sends the (compactly supported, 
invariant) function / : G —?• A to the function 


G—^A, WMg[/G)(ht ^)/(t) 
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(where : G —)■ A denotes the characteristic function of Ua'^glla'^). 

^<7 9^<T 

For any G-representation V over A, the A-algebra HKiG, = A[Ua\G/Ua'^] nat- 

fe) 

urally acts from the right on the A-module of Ua -invariant vectors in V. The 

action of an arbitrary coset on n G is given by the following formula: if 

the collection {gj}j in G is such that Ua^glla^ = ]J^- ujf^gj, then 

3 


Proposition 4.1. For any V G 9iQ^^(A) we have a natural right action of'H\{G, U!f^) 




on 


1 / 


u, 


(0 


Proof: We may regard P as a G-representation, therefore l-i\{G^ ujf'^) naturally acts 

(e) (e) 

on . We claim that this action preserves the submodule P^'^ of P^'^ . 

Let V G P^-"^ = 


By Theorem 13.51 we have Hq{X,T) = V ioi X = 


let G G and h G u'^\ We need to show 


V 


(9) 


V ■ £;I'> 9 £/<'> = h(v ■ UXgU':'>). 


First assume ga = a. By Lemma 13^ we may represent n by a 0-cycle c = {cy)y^xo £ 
Go(W, supported on the vertices of a. Choose h' G with h|^(e)(^) = 

As c and hence gc is supported on the vertices of ^fcr = a we see h{v ■ Ua^glla^) = 
h'{v ■ ujf'^gljjf'^), therefore statement ([9]) follows from P^^ ' C P^^ ^ 

Now assume ga ^ a. Let 2; G a be the vertex of a such that, if 2;' G a denotes the 
other vertex, then d{z,y) > d{z',y) for y G ga. Observing gU^'^g~^ = Uga we easily see 
that 


( 10 ) ZK.ngUl^^g-^ 

For any collection {gj}j in gUlf^ we deduce from this the equivalence 

(11) Ui^^gUi^^ = Wui^^gg inG Ui^^g-^z = W{gJ^z} in 

3 3 

Indeed, as X° = G jZK^ the second statement in formula (ITT]) is equivalent to the state¬ 
ment ZK^glla^ = ]J^- ZK^gj. But using formula flTU]) this is straightforwardly checked to 
be equivalent to the hrst statement in formula ffTTj) . 

Choose a collection {gj}j in glla'^ satisfying the equivalent conditions of formula flTT]) . 
Moreover, choose hj G with = hj\^(^)^g-i^y for any j. We then hud 

Ul‘>g-h = U^‘kj-'z = hU'ffg-h = hU^‘^g-'z = JJl/isj'U = UlftjSj'U 

3 3 
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and hence, in view of the eqnivalence (fTTD . also 

( 12 ) 

j 

By Lemma 13^ we may represent n by a 0-cycle c = {cy)y^x° ^ Co{X,J^) snpported 
on z. Then v ■ gU^'^ is represented by the 0-cycle c® = {c^y)y^x° with c^_i = gJ^Cz 

for all j, and with = 0 for all other vertices y. Therefore h{v ■ gU^'^) is represented 

by the 0-cycle h{c^) = {{hc^)y)y^xo with {hc^), -i = hjg^^Cz for all j, and {hc^)y = 0 
for all other vertices y. Bnt by formula fll2l) this is again a representative for gU^\\3 


Let IT be a ZiLa;_^-representation on a free A-module such that f/i+ acts trivially on 
W. We assume that for any z G X° with {x, z} G the natural map 

(13) 0 »>, 

yf=XQ-{z} 

{x,y}exi 

is injective. Here lT„(i) denotes the module of coinvariants for the action of . on 

IT. Consider the compact induction indf^^ IT, the A-module of all locally constant 
functions / : G —)■ IT, with compact support modulo Z, which satisfy f{gk) = k~^f{g) 
for all k G ZK^.^. The group G acts by left translation on indf^^ IT. For x G X° we 
choose g E G with x = gx^ and put 


G{x) = Gw{x) = {/ e indf^^^lT | supp(/) C gZKy,^} 
(this does not depend on the choice of g, as X° = G/ZK^^). We have 


(14) indL.^ll/ = 0 e(i). 

xexo 

Suppose that we are given a G-equivariant endomorphism T of indf^^ IT which, as an 
endomorphism of ®x£X°G{.x) (via the identification (IT4ll ). has the following structure: for 
any x G X°, the restriction T\g{^x) factors as 

(15) T|e„ : g[x) ^ 0 g(y) 4 0 g(y) 

yedfO y&X° 

{x,y)^X^ 


where l is the natural inclusion, and where is the sum of maps 


(16) 


: g(x) —>5(a:)„(i) 


{^,y} 


G{y) 


u 


( 1 ) 

i^,y} 


G{y) 


for all y G X^ with {x,y} G X^, where the first arrow, resp. the last arrow, is the 
canonical projection onto the coinvariants, resp. the canonical inclusion of the invariants, 
and where is an isomorphism of A-modules. 
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Lemma 4.2. Let A G A. If for b = ^ ®x&x^G{.x) the support of 

(T — A)(6) = — Xbx G ®x&xoG{x) 

X 

is contained in the two vertices of some p G , (i.e. T{b)x = Xbx for x ^ p), then 6 = 0. 

Proof: This is parallel to Lemma [2.11 Assume 6 7 ^ 0. Choose x G with 6 ^; 7 ^ 0 
such that d{p,x) = min{(i(|/, x) | ?/ G r^} is maximal (for all such x). Then T{b)x' = 
Tx,x'ipx) for all x' G with {x,x'} G and d{x',p) = d{x,p) + 1. The dehnition of 
the Tx^x' and the injectivity of the map flT^ implies, by translation, the injectivity of the 
map 

:6W^06(x') 

x' x' 

where the sums are taken over all x' G X^ with {x,x'} G X^ and d{x',p) = d{x,p) + 1. 
Therefore T{b)x> = 0 for all such x' implies bx = 0: contradiction. □ 


Proposition 4.3. Let A G A. Assume that Z acts trivially on W. 

(a) naturally acts on indf;^^_^lT, and T is G®> -equivariant. In particular, G‘I\ 
and hence its subgroup Lf^\ act on (indf^^^iy)/(T — A). 

(b) The image of (B ^ in (indf;^^_^hT)/(T — A) is contained in the 

submodule of -invariants, and the natural map 


(17) 








W 


(T-A) 




is bijective. 


Proof: (Here and below we write (indf^^ W) /(T— A) instead of (indf^^ W) /im(T— 

A)). 

(a) The action of G^^'^ on indf^^ W is dehned in the same way as the action of 

on G (£q^^(A), cf. Lemma 13.31 The G*^^Aequivariance of T is then immediate from its 
local nature. 

(b) The injectivity even of ^(a;+)©^(x_) —>■ (indf^^^fP)/(T —A) follows from Lemma 

14.21 The following proof of surjectivity of the map (llTll is similar to that of Lemma [T4l Let 
a = {ax}xexo G 0a,gxo ~ be such that its class [a] in (indf;^^^iy)/(T—A) 

is d^^-invariant. Let 

n(a) = max{d(a, x)\x E Ox 7 ^ 0 } 
where we put d{a,x) = mm{d{x+,x),d{x-,x)}. 
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Step 1: Let x G with d{a,x) = n{a) — 1. We claim that for any element x' of the 
set 

Ox = {x' G I {x, x'} G d{a, x') = n{a)} 

^( 1 ) 

we have ax' G Q{x') 

To see this, let u G We hnd some u' G with u = u' modnlo . Next, 

' 'iXyXf X ' 

we hnd some u G snch that 

(i) for all y G X° with d{y,x) < d{y,x') we have u{y) = y, and u acts trivially on 
g{y), and 

(ii) we have u' = u on Q{x'), and hence u = u on Q(x') (as acts trivially on Q(x')). 
As the snpport of a is contained in the set consisting of x' and all y G X° mentioned 

in (i), we have 

u{a) — a = u{ax') — ax' = u{ax') — ax'- 

On the other hand, the class [a] is f/^^^-invariant, i.e. u{a) — a G (T — A). Together with 
Lemma we obtain u{ax') = ax', as desired. 

Step 2: Let x and Ox be as in step 1. We claim that image of 

the natnral map 

(18) g{x) —^ 0 g{x')^n) ■ 

x'GOa^ 

By step 1, we may view ax', for any x' G Ox, by means of the isomorphism tx^x' '■ 
Q{x)j,{i) = Q{x') as an element in Q{x),,{i) . Let x" G be the nniqne vertex 

{x,x'} {x,x'} 

with {x, x"} G and d{a, x") < d{a, x). Then acts transitively on the set Ox- Given 
an element u of , we hnd an element u of uY whose action on {y G X° | d{(T, y) < n{a)} 
hxes (pointwise) all elements not contained in Ox, and acts on Ox like u. Applying Lemma 
14.21 again (and nsing the -invariance of the class [a]) we therefore see that Yx'eOa: 
is a -invariant element of the -representation ®x'&o^G{x)jAi) (on which l/jp) acts 

{x,x^y 

by permnting the snmmands transitively). Therefore Yx'&o,, image of the 

map dm). 

Step 3: By what we saw in Step 2 we may pass to another representative (modnlo 
(T — A)) of [a] which has zero contribntion at all x' E Ox- Doing this for all x G X^ with 
d{a,x) = n{a) — 1 we obtain a representative a of [a] with n(a) = n(a) — 1. Proceeding 
by indnction on n{a) we hnally see that any t/^^^-invariant class in (indfj^^^iy)/(T — A) 
is represented by some a with n(a) = 0, i.e. by some a G G{xY ® G{xJ)- As in Step 1 we 
then see that this representative in fact belongs to © g{xJ)^^ . □ 
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Assume that k is algebraically closed. Let W be an irreducible -module on 

which the center of acts trivially. We regard W as a k[ZKxj^\-m.odv\e by letting Z 
act trivially. 


Theorem 4.4. (a) The map TTR) is injective, and the Hecke operator T on ind^^^ W 
constructed in has the structure described above, i.e. is given by maps ^E), ^E)■ 

(b) For A G fc the -module 


\nd^K„, ^ fjW 

—has k-dimension 2. If it is 


irreducible, then 


ind^ 




is an irreducible G^^Gf^presentation. 


(T-A) 

Proof: (a) See [2]. 

ind^K '• 

(b) Let 0 7 ^ P C — {T-x) — ^ G^^^-sub representation. The same argument as 

in the proof of Theorem 13.51 shows that the action of on indf;^ W, and hence on 


w 


indf^^ W 


— and on V, is smooth. Therefore, since is a pro-p-group by Lemma 13^ we 


have ' 7 ^ 0. Replacing V by its G^^^-sub representation generated by ’ we may 


(1) 




assume that V belongs to 93g^''(fc), as does — (t-x) —• Proposition 14. ll savs that T-ik{G, 


, indgx:, , ^ , rdl) 


\ respecting Therefore we have ' = ( 


acts on — {T-X) 
ind^^^ W jj(i) 

(— {T-X) — T'" irreducible. This implies V = 

indS„ W 
V {T-X) ! 


( 1 ) 


p(i) _ 


if 


(T-A) 


as 


(T-A) V 

generated by 


w 


p(l) 


By Proposition 14.31 we may identify (—' with It is 


( 1 ) 


f(i) 


( 1 ) . 


well known that =W^‘^ and hence also is one-dimensional, therefore 


'—is two dimensional. 


□ 


Definition: A G^i-represent at ion on a fc-vector space V is called admissible if ' 
is a hnite dimensional fc-vector space. 

Proposition 4.5. For any admissible irreducible G^^Gj-epresentation on a k-vector space 
V there exists some X E k and an irreducible k[Kxjf\-module W on which the center of 
Kx_^_ acts trivially, and a surjective homomorphism of G^^Gfepresentations 


(19) 


indf^^^W 

(T-X) 


P. 


Proof: As P is admissible, V^^'’ is a hnite dimensional fc[iL 3 ;^]-module. 

x_|_ Gr? 

Therefore it admits an irreducible /c[Ara;^]-module-submodule fP; the center of acts 
trivially. By the dehnition of IFy'* we may regard IP also as a fc[ZiL 3 .^]-submodule of 
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Fy\x+), and this induces a natural homomorphism of G^^^-representations indf^^^^hh —)■ 
Consider the composition of GC)-representations 

7 : indf^^^hh ^ ®xexo^^y\x) ^ 

(we know but do not need here that —)• 1/ is an isomorphism fTheorem I3.5p b 

The ring End(indf^^ W) acts (by precomposing) from the right on the finite dimensional 
fc-vector space 

HomG(indf^^^lE,E) = Hom^^,^(IT, E) = Hom^x.^(iy, 

7)6X1 

a;_(_6J7 

Consider the action of T G End(indf^^ W) (in fact we have k[T] = End(indf^^ IE), see 
0 ) on the A:[T]-submodule of HomG'(indf;^^^lE, V) generated by 7 . As k is algebraically 
closed, this action of T has as a non-zero eigen vector, providing a non-zero G-equivariant 
homomorphism flT^ for some X E k. But since 7 and T are G^l-equivariant, also this 
map (IT^ is G^l-equivariant. Its surjectivity follows from the irreducibility of V. □ 

The simple HkiG, Gi-^^)-right modules have been classified by Marie France Vigneras 
in [9]. In particular, in [9] par. 3.2 it has been defined what it means for a simple 
'Hk{G.,Ua^)-ngh.t module to be supersingular. We say that a ^^^(G, f/^^)-right module 
has trivial central characterii for any g E Z the double coset E k[Ua\G = 

T-ikiG, Ua^'^) acts as the identity. (This dehnition makes no reference to the center of the 
ring 'Hk{G, Ua'^)] for the (easy) description of that center see however [9].) 

Corollary 4.6. The functor V 1 —)■ from G^^®representations to 'Hk{G,u!^^)-right 

modules induces a bijection between the isomorphism classes of admissible irreducible G^)- 
representations and the isomorphism classes of simple 'Hk{G,Ua'^)-right modules with 
trivial central character. 

Proof: First, in [9] Proposition 4.9 it is shown that the functor V 1 —)■ ' from G- 

representations to TLkiG, t/CT^^)-right modules induces a bijection between the isomorphism 
classes of the irreducible subquotients of principal (series) representations of G, and the 
isomorphism classes of simple 'Hfc(G, f/CT^^)-right modules which are not supersingular. 
Therefore, to see that the non-supersingular simple TLkiG, f/CT^^)-right modules with trivial 
central character also ly in the image of our functor under discussion, it is enough to see 
that the irreducible subquotients of principal (series) representations of G on which the 
center Z of G acts trivially are in fact G^^^-represent at ions. In |2I it is shown that the 

irreducible principal (series) representations of G are isomorphic to —— for some 
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W 


X E and some irreducible A;-module W. Proposition 14.31 shows that — (t-x) — 
is indeed a -represent at ion (if Z acts trivially). Moreover, in [2] it is also shown 
that the principal (series) representations of G which are not irreducible are necessarily 
of length two, and the subquotients are the following: a twist of the one-dimensional 
G-representation, and a twist of the Steinberg representation. Clearly the trivial (one¬ 
dimensional) G-representation is a G^^^-representation, too. But it is also well known 
that the Steinberg representation of G is isomorphic to for some XF E Cq^^(A:), 

hence is a G^^^-representation. (For example, for x E the iCa;-representation X(x) is 
the I/cfI- dimensional Steinberg representation of the reductive quotient of K^.) 

Next, we claim that any supersingular simple T-LkiG, f/CT^^)-right module M with trivial 
central character is of the form for some admissible irreducible G^^^-representation 
V. Indeed, by [ 6 ] Proposition 2.18 (which is a quotation from |9]), the constructions in [ 6 ] 
Dehnition 6.2, Lemma 6.3 assign to M = a coefficient system X = ow X (notations 

and V.^ from loc.cit). It is immediate from these constructions that XF E and 

even X E ^Q^\k) if M has trivial central character. Moreover, in that case. Lemma [3.41 
and [ 6 ] Lemma 6.4 show that M = Hq{X,X)^^ ' as 'Hk{G,Ua ^)-nght modules. 

Finally, it remains to show that for any admissible irreducible G^^^-representation V 


the ^^^(G, Gct^^)- right module ' is simple. We use Proposition 14.51 i.e. we choose a 


'r(l) 


surjection ([T9]). If A 7 ^ 0 then 


ind^ 


W 


(T-X) 


is a principal (series) representation (by [ 2 ]), and 


our previous disussion applies. If A = 0 then the disussion in [ 6 ] (in particular Lemma 
6 . 1 , Lemma 6.3) shows that the left hand side of the map flT7|) is a supersingular simple 


?ik(G, -right module. By Theorem 14.41 it is isomorphic to V^‘ 


(1) 


□ 


5 A variation of ((^, r)-modules 

5.1 A functor D 


We £x e G N and a uniformizer pp E O 


F- 


Definition: We dehne the submonoids 
a b 


= { . 

’01 

and the subgroups 

X = { 


a G Gp —{0}, 6 G and T* = { 


1 a 

0) 

V 0 

1 


1 b 
0 1 


b E p^p Op} and N = { 


a E Op — {0}} 


1 b 
0 1 


bEF] 
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and 


T = { 


a 0 
0 1 


a e F^} 


of G. We have xi T* = We write t = 


Pf 0 
0 1 


G T*. We then have 


T = IJ t-^T^ 


mSN 


We assnme that onr hxed central vertices x+ and X- are those with = GL 2 (( 9 f) and 
X- = t~^x+. Recall that a = {x+,x_}. In the following, the end ao = t~°°x+ of X will 
play a distingnished role. For any x G there is a nniqne inhnite (withont backtracking) 
path [a^^z] in X starting at ^ and passing throngh almost all t~'^x+ with m > 0. For 
e' > 0 and x G we dehne the snbset 

\x) = {z E I d{x, z) < e! and x G [ao, z]} 

of X^. We dehne to be the snbgronp of Ant(X) consisting of all g G Ant(X) with 
the property that for all x G X^ there is a G snch that the restrictions of g and g' 
to Z^\x) coincide. For /x G X^ we let G be that vertex of p snch that the other 
vertex of p belongs to [ao,a;+]. For example, x"^ = a;+. 

For X G X^ we let be the snbgronp of N consisting of all 5 ^ G A^ which £x Z^ (x) 
pointwise. For example, Ai+ = 

Lemma 5.1. (a) is a (non-ahelian) pro-p-group. 

(b) For any g G A'q^^ and any p G X^ there is a g' E such that the restrictions of 
g and g' to the subset Z^'^\p) of X^ coincide. 

(c) For any p E X^ we have fl N. 

Proof: (a) The same as for Lemma [3.21 Alternatively, one may nse (b) to see that 
is a snbgronp of ujf'^ and then jnst qnote the resnlt of Lemma [321 Or one may jnst 
nse the description of given in Lemma [5.121 below. 

(b) Apply the dehning condition for to all 2 ; G [q;o) 3;+] with d{z,x'f) < e. 

(c) This is clear. □ 


We dehne the snbgronp (cf. the proof of Lemma 15.2! below) 

nG) = IJ 

m£N 

of Ant(X). We read T as a snbgronp of Ant(X) and dehne to be the snbgronp of 
Ant(X) generated by T and We dehne to be the snbmonoid of generated 
by Nq'’ and T*. 
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Lemma 5.2. (a) We have x T* = and x T = P^®\ 

For any m G N and s G Pi*^^ we dat’e s"^N q‘^'^ s~"^ C Moreover, 

Pi = 1. 

mSN 

Proof: (a) This follows from x T* = Pi*^^ 

(b) For the hrst claim it is enough to check s™'iVQ^^s“™' C for s ^ T^,. For such s 
we have s^Nq^'^ s~^ C Nq^'^ for all m G N, and the claim follows. The second one follows 
from r]menWNQ^h~^ = 1. □ 

Remark: TN (resp. N, resp. Nq^^) is naturally a subgroup of P*-®^ (resp. of 
resp. of and similarly, Pi^^ is naturally a submonoid of One might ask for 

retractions in the reverse direction. Let Sp denote the set of ends of X except for the 
end cto- Let Txq = denote the end of X which together with uq spans the 

T-stable apartment in X. Then P^®) acts on €p and sending n G iV to naQ is a bijection 
between N (= P) and (Bp. For any g G P^®^ and a E (Bp there is a unique Qc E TN such 
that g and ga coincide on all the vertices on the apartment [ctoj ct] from ao to a. This 
dehnes for each a G iSp a map 

(20) P(^) -^TN, g^ g^ 

such that for any g E TN EL P^®^ we have g = g^. Similarly, the maps fl20|) are retrac¬ 
tions N^^'^ -E N and —?• P^^'^ and N^f^ -E NjfK Beware that they are not group 

homomorphisms. Rather, we have 

{9 ■ f)a 9f(a) ■ fa 

for f,gE P*^®^ and a E (Bp. 

We dehne the subset 

Xl = Pi^\x+, resp. = pf^.a 

of X°, resp. of X^. If X+ denotes the maximal connected full closed subcomplex of X 
such that x+ belongs to its set of vertices but X- does not, then X° is precisely the set 
of vertices of X+, and X:J_ — {a} is its set of edges. To clarify: a = {xp,X-} belongs to 
the set which we denote by X^, but it is not an edge of the closed subcomplex X+ of X. 

For any n E X/Xg^^ the subset nX^ of X° is stable under the action of Xq^\ Restric¬ 
tion to this subset dehnes a quotient N^fl of N^'^ contained in the group of permutations 
of the set nX° . 
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Lemma 5.3. The natural homomorphism 

(21) n 

is bijective. The factors Njfl are pairwise isomorphic. 

Proof: The union is disjoint in and stable under Nq^\ and the 

restriction map from to the group of permutations of is injective, be¬ 
cause any element of acts trivially on X° — U^^^^^cnuX^. □ 

Remark: The index of T^Xg^^X"* in Xg*^^ is not finite for m E N. Lemma 15.21 says 
that, except for this failure, the axiomatic of section 3 in [8] is satisfied. The following 
statement might be viewed as a natural replacement of the finiteness axiom in |8]: we 
have 

m—1 

[^op : n = JJ 

j=0 

for any m > 1, where q = | |; here we view the factor Nq'^I of Nq^'^ as a subgroup in Nq^'^ . 

Following the lines of [8] one may thus define a corresponding notion of etaleness. How¬ 
ever, although the point in our entire discussion is that one should consider Xg'^^-actions 
instead of just Xg^^-actions, the good notion of etaleness seems to be just the usual one, 
as given in formulae (j2^ and (^M below (i.e. based on the cosets f'Xg^^X* in Xg^^). 

Let A G Art(o). We are interested in XT-equivariant homological coefficient systems 
in A-modules X on X satisfying the following hypotheses: 

(Hyp 1) for any x E rj E X^ the transition map rjj '■ —)■ X(x) is injective. 

(Hyp 2) for any /r G X^, if = {r; G X^ | /r fl r/ = {x+}}, then 

(22) X«) = ^ im(/r2M). 

(Hyp 3) for any /r G X^, the image of is X(a;+) 

Before proceeding, we first provide examples for such X. 

Lemma 5.4. Let N{kF), Nlkp) be the unipotent radicals of opposite Borel subgroups in 
GL 2 {kF), let W be a k[GL 2 {kF)]-module which is generated by its subspace of 

Nikp)-invariants. Then W is generated by even as a k[N{kF)]-module. 
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Proof: If W is finitely generated, then, by Nakayama’s Lemma, applied to the local 
ring k[N{kF)], to show that generates hP as a fc[A^(fci7’)]-module it is enough to 

show this after reduction modulo the maximal ideal, i.e. it is enough to show that the 
composition —)■ IP —)■ fP7v(A:p) is surjective. If IP is an irreducible k[GL 2 {kF)]- 

module this is easily verihed. Next suppose that IP is a princial series representation, i.e. 
parabolically induced from a character of a Borel subgroup. In this case IP is isomorphic, 
as a /c[iV(A:i7’)]-moduIe, with a direct sum of the trivial one-dimensional /c[iV(A:i7’)]-module 
and a copy of k[N{kF)]- In particular, IP7v(fc^) is two dimensional. Similarly we see that 
ppAf(fcF) jg dimensional. The dual of IP is a again a principal series representation IP', 
in particular (IP')^P^) maps surjectively onto the space of At(A;j7’)-invariants of the unique 
irreducible quotient of IP'. Dually we obtain that the space of iV(fcp’)-coinvariants of the 
unique irreducible subobject of IP maps injectively into the space of At(/cp)-coinvariants 
of IP. Thus applying what we said above to the unique irreducible subobject and to the 
unique irreducible quotient of IP we see that the composition —)■ IP —)■ IP]v(fcF) is 

surjective. 

Now suppose we are given a general IP. Then, as IP is generated by IP^(^-f'), we see 
that IP is isomorphic to a quotient of a direct sum of principal series representations of 
GL 2 {kF). Their property of being generated by their iV(/cjT’j-invariants clearly passes to 
direct sums and quotients, hence to IP. □ 


Lemma 5.5. Any T G satisfies hypotheses (Hyp 1), (Hyp 2) and (Hyp 3) (with 

e = 1). 

Proof: (We do not ask that H G the center Z of G may act nontrivially on 

H.) The validity of hypotheses (Hyp 1) and (Hyp 3) is clear, only hypothesis (Hyp 2) 
requires a proof. The -action on iF{x^) factors through the quotient of isomor¬ 
phic to GL 2 {kF)- Thus, abstractly is isomorphic to a representation of GL2(/ci?) 

generated by its invariants under the unipotent radical N{kF) of a Borel subgroup in 
GL2(fci?). But then Lemma [531 tells us that H{x'(_) is generated by its invariants under 
A^(fci?) even as a representation of the unipotent radical of an opposite Borel subgroup. 
Given the other properties of G €Q^\k), this is precisely the meaning of formula fl2^ .D 

We now £x an arbitrary H over an arbitrary A G Art(o) satisfying the above conditions 
(a), (b), (c).^ 

Let g G Given r] G choose & g' E NT restricting to g on Z^\x^) and dehne 
g ■. Hijj) ^ J-{gri) to be the map g( ■. Hirf) ^ Similarly, given x G X°, 

choose & g' E NT restricting to g on Z^\x) and dehne g : H{x) J^igx) to be the map 
g( :H{x) ^ H{g’x) = H{gx). 
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Lemma 5.6. The above action of on P is well defined and makes P into a 
equivariant coefficient system on X. In particular, naturally acts on Hq{X,P). 

Proof: The same as for Lemma [3.Si □ 

Since is closed in X we have a natural map Hq{Xj^, P) —)■ Ho{X, P). As in Lemma 
12.11 this map is seen to be injective. Moreover, as is a pf'^^-stable subcomplex of X 
we have Pi*^^ acting also on the submodule Hq{Xj^,P) of Hq{X,P). The corresponding 
Aijl'^^-action on Hq{Xj^,P) in fact factors through the quotient N^fil of N^\ 

Lemma 5.7. The action of Nq^I on Hq{X,P) is smooth. 

(b) The natural map P{(t) = P{x+)^o ' —)■ Ho{X+,P)^°v is bijective. 

Proof: (a) The same as for Theorem 13.51 (a). 

(b) The same as for Lemma [331 notice that U^}) = u!f\ □ 

We now assume that o is the ring of integers in a hnite extension held L of Qp with 
residue class held k = ki and uniformizer pi G o. We assume that A G Art(o) is a quotient 
of 0. For a prohnite group H we write 

C{H) = o[[H]\ 

for its completed group ring (Iwasawa algebra) over o. For example, the natural maps 

1\q f JVg f 

— both L and pr o t are injective — induce corresponding morphisms of Iwasawa algebras 
—)■ Using Lemma 1531 we obtain that the Pontrjagin dual 

D{P) = Eomf{Ho{X+,P),L/o) 

of Hq{X_^_,P) is a module over C{Nq^I). 

Lemma 5.8. If the k-vector space P{x^)^o ^’Pl=o dimension n < oo, then the C{Nq^I)- 

module D{P) can be generated by n elements. 

Proof: C{Nq'^1) is a local ring (as is a pro-p-group), its augmentation (left-)ideal 
I is maximal, and I'^ —)■ 0. We may therefore apply the topological Nakayama Lemma 
(see m to the prohnite (left-)module D{P): it says that D{P) can be generated 

over C{Nlfl) by n elements (n < cx)) if its reduction modulo I can be generated by n 
elements. By duality, this is the case if Ho(X^, jr'^^o^-i_,PL=o dimension < n. Now apply 
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Lemma 15.71 


□ 


We also define the -module 


D'(J-) = Hom^*(^^^^^±^,L/o) = Romf{^^4$^,L/o) 


T{a) 


'Ho{X_,Ty 


Here we view J-{(j) as embedded into Hq{X+,X) via X(a) — X{x+), and Hq{X_,X) 
is the 0-homology group of X on X_, the full closed subcomplex of X with vertex set 
X^ = X^ — X^. (Thus, a belongs neither to the complex X+ nor to the complex X_.) 

Lemma 5.9. naturally acts on D{X), and naturally acts on D'{X). 

Proof: As the monoid Pi*^^ acts on Hq{X^, X), the inverse monoid acts 

on its dual D{X). On the other hand, Pi^^ itself acts on D'{X). Indeed, the group 
Njyl acts on Hq{X^, X), respecting the submodule X{a), hence it acts on D'{X) = 
Homf ( ,L/o). The monoid T~^ acts on Ho{X,X), respecting the submodule 
Ho{X_,X), hence T* acts on D'{X) = Hom^*(;gg^, L/o). □ 


Let denote the p-adic completion of the localization of £(A"q^^) with respect to 
the complement of piCixIfy. 


Definition: An etale ((Pi^^)“^, Pi^^)-pair over C{Nq^I) is an injective morphism of 
P(A'"Q^]^)-modules d : D' ^ D, together with an action of the monoid on D and 

of the monoid Pi*^^ on P', either of them extending the given action of the group 
(through its quotient N^yl). The following properties are required: 

(a) For m G N let xjjtm denote the endomorphism of P, and let denote the 
endomorphism of P'. For any m G N we have 

(23) ytmdiptm = d. 

(b) The cokernel of d is hnite. As is flat over C{Nlf y (and as d is in particular 
P(A'"Q^^)-hnear) it follows that d induces an isomorphism 

X D' A op D. 

We identify its source and its target into a single object D. 

(c) Denote again by and V’t™ the endomorphisms of D obtain from those on P 

and P' by base extension have 

(24) E rnptm'ijj-i.mn ^ = idD- 
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(e) 

Theorem 5.10. Suppose that the k-vector space xl=o dimension n < oo. 

Then {D'{F) —)■ D{F)) is an etale , Plf^)-pair over C{Nq^I). Moreover, D{P) 

can he generated as an -module by n elements. 

Proof: The last statement was shown in Lemma [5.81 We have an exact sequence of 
C {Nq^I )-modules 

0 ^ D'{P) —> D{P) Homf(J^(cT),L/o). 

With P{x+)^o ^Pi=o also P{cr) and hence the cokernel of D'{P) —)■ D{P) is hnite. 

Formula (l2^ is immediately verified already by evaluating elements of D{P) resp. 
D'{P) on the level of 0-chains: it simply follows from C (and t~^{tX^) = X°). 
To see formula fl24p we observe hrst that it follows from formula fl2^ that any element in 
Ho{X+,P) can be represented by a 0-chain with support in 

Xl - Z^^-^\x+) = IJ nt^Xl. 

But evaluating elements of D{P) resp. D'{P) on such 0-chains it is clear that 

nifty'll) Tl 

acts as the identity on D'{P)=0^g^ ®£(Ar('=)) 

We write D(X) = property exploited 

in Colmez’ study of his functor D is that in the case F = Qp (and e = 1) the module 
D(X) is finitely generated over Namely: 

Theorem 5.11. Suppose F = Qp and e = 1 and that the k-vector space X(x+)^o 
has dimension n < oo. Then D(X) can be generated as an -module by n elements. 

Proof: The proof is parallel to that of Lemma 15.Sp with Lemma IHTI (in that proof) re¬ 
placed by the following fact: for F = Qp and e = 1 the natural map X(ct) = X(x+)^o — 
Hq{X^, F)^o is bijective; this has e.g. been shown in [5] Theorem 3.2 (notice that 
(Xq^\ ) = Ua^). (In fact [5] Theorem 3.2 is stated for the coefficient ring k only, but 

the devissage arguments used in the proof of [5] Theorem 3.3 easily give the result in 
general.) □ 

If F = Qp then is exactly the ring Os used in Fontaine’s theory of {(p, F)-moduIes. 
Theorem 15. Ill describes Colmez’ functor from finitely generated o-torsion representations 
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of G (generated by to finitely generated etale ( 99 , r)-niodules. Namely, from 

V pass to G then restrict the Pi^^-action on D(Py^) to Pi^^ and of the 

(p^(i))-i_action on D(Py to (Pi^^)“^. 

Thus, we may regard Theorem 15.101 as some sort of variation, available for arbitrary P 
(and e), on Colmez’ construction. For P = Qp and e = 1 it is in fact an enhancement of 
Colmez’ construction in that it provides actions reps, of (Pi^^)“^, on D'{Py^) resp. 
on P(P(.')) . 

Let P be a hnite extension of Qp, and let us indicate the dependence on P in our 
dehnitions by the symbol [P]. Using the trace map described in Lemma f5.13l below one 
might try to pass from (hnitely generated, as in Theorem 15.1 Oh etale ((Pi^^)“^, Pi'^^)-pairs 
over £(A'g(\^)[P] to (hnitely generated) etale ((Pi*^^)”^, Pi'^^)-pairs over £(A'q()^)[Qp]. From 
here, can one pass to suitable modules hnitely generated even over G^^^iQp] ? 


5.2 The pro-]3-group Nq { and the Iwasawa algebra jC{Nq {) 

For i > 0 consider the group homomorphism 

Q ; JJ ^ Autsets(C’F) 

aGOp/p^r 

sending (a^a)aec>F/pp (with Xa G to the following permutation of (the set underlying) 

Op-, it sends x E Op to x Xa(x), where a{x) G Op/p^p is dehned by a{x) = x modulo 
p);.. Next, for /c > 0 dehne the map of sets 

4 : ( n X • • • X ( n ^ P^~^ -^ Autsets(GF), 

a£OF/p% aGOp/PF 

{{^a,k)a&OF/ppi ■ ■ ■ 1 {^a,l)aeOF/pFi 2^0,o) ^k{{Xa,k) aSOp/pp) ' ■ ° ^l{{^a,l)a£OF/pp) °^o(^0,o)- 

It induces a map of sets 


n 

aeOp/p^ 

r(e) 


P^+"-l) X ... X ( 


n P^) ^ P^' 


e-1 


Aut^ets(Op/pp~^' 


Dehne = pp Let act on Y\a&OF/pF P^ action 5o on the index set Op/pp. 


Using this action we dehne = (HaeOF/PF P^^ ^ ^Ine easily checks that with 

this group structure, (5i is a group homomorphism. Using it we have acting on 


(e) 


n 


af^OpIp] 


p^^ and we may dehne = (](([ 


[a^Op/pl Pf"^' 


) X Inductively we thus 


dehne a group for every fc > 0. We then dehne to be the projective limit of the 


H, 


(e) 


i.e. 


= 


(( n 

aGOp/P^ 


py-‘: 


x(( n 

a&Op/p’l 


pfc+e-2) 


X 


(( n p^)xpr^)...)))...). 

aGOp Ipf 








We have ^ C for e' > e while, of course, abstractly the h'^ for the various e 
are all isomorphic. 

Define the group homomorphism —)■ not as the inclusion, but as the 

product of all the maps 

(diag,-id): n If pD)x'( n 

aeOF/pl a&Op/p'^^^ aeOF/PF 

i.e. the negative of the inclusion Y\a&OF/pp 'Wa&OF/p% second com¬ 

ponent, and the diagonal embedding Y\.a&OF/p% Pf^^ riaeOF/p^d^ Pf^^ (induced by the 
natural projection of index sets Op/p^p —)■ Op/p^}^^) in the first component. 


Lemma 5.12. We have a natural isomorphism 


(25) 


^OO 

im(c}(®)) 



Proof: N acts simply transitively on the set of ends of X different from 
similarly, acts simply transitively on the set of (infinite) ends of X+. Therefore, 
identifying with the additive group {Op, -|-) and sending / G Op = to the end 
f{t°°Xp) is a bijection between Op and the set of ends of X+. The group acts on 
(the set underlying) Op through 6oo = lim^ 6k- Together we get an action of on 
the set of ends of X+. It induces an action of on as follows. Given x G 
choose an end a of with x G [xp,a]. For h G h'^ we then dehne hx G as the 

unique vertex belonging to [xp,ha] with d{xp,x) = d{xp,hx)-, it is independent of the 
choice of a. It follows from the definitions that this if^^-action on induces a surjective 
homomorphism —)■ whose kernel is im(5^®^). □ 


Let us redescribe N^\ and C{Nlfl) in the case F = Qp, using the isomorphism fl25l) . 
For k > 0 and i G Zp/p^Zp consider the corresponding copy of p^+^^^Zp as a factor of h!^\ 
Let us denote by its topological generator Then is the pro-p-completion 

of the group generated by all the subject only to the following relations: 


dD . W) 

(i) (k) 

= e • e , 

1 

j 

3 i+p‘ 




y ' 

•S' 

= G ■ 


if k > i and i = j mod (p^), 

if k > i and i ^ j mod (p^). 

(Here, of course, i -|-p^ is the class of i -|-p^ modulo (p*^).) Next, ^(9*-®^) is topologically 
generated inside by all expressions 


n 

i&pjp^I-p 

i_jgpfc-lZp 
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for /c > 1 and j G ^Zp. Write = 1 — in C{H^) for /c > 0 and i G 'Lpjp^'Lp. 

The above description of translates as follows: is the (p-adically complete) 

(k) 

formal power series algebra in the variables , snbject to the commntation relations 

jjik) _ ^ jj{t) _ li k> I and i = j mod (p^), 

uik) _ jjW ^ jjii) _ jjik) if k > i and i ^ j mod (p^). 

Next, the qnotient C{Nq^I) is then obtained by dividing ont the closnre of the ideal 
generated by all expressions 

iGl^p/p^Zp 

i-j^pk-l^p 

for /c > 1 and j G Zp/p^~^Zp. 


To indicate the dependence on the local held F (which was hxed so far) let ns now 
write iVg^i[-F] and H^\f] and d‘^‘^'>[F] instead of and and Let F/E be a 
hnite extension of local helds, let e{F/E) be its ramihcation index. 

Lemma 5.13. For any e, e' G N with e' ■ e{F/E) < e there is a natural trace map 

tr : ]V<yF] ^ Vg’lE] 


Proof: Let tia-cep/E F ^ E he the usnal trace map. As e' ■ e{F/E) < e it restricts 
to a map tTa.ceF/E '■ ^ for all m > 0 and all 0 < t < e{F/E) — 1. 

For all m > 1 and 0 < t < e{F/E) — 1 the inclusion Oe C Of induces an injective map 
OeIPe We may thus dehne the composition 


e+m-e{F/ E)—t—l 

Pf 




Pf 


+m—1 




n 

Oe/pI 


p^+m 1 


where the hrst arrow is the product of the above trace maps (in each factor), and the 
second arrow is the natural projection induced by the above inclusion of index sets. 
Summing over all 0 < t < e{F/E) — 1 we obtain a map 


(26) H X • • • X H ^e+im-l).eiF/E) ^ JJ 

for any m > 1. Taking the product of the maps fl2BD for all m > 1, while taking for m = 0 
just the trace map trace^/s : Pf~^ PF~^ obtain a trace map H^\f] —)■ H^\e]. 
It is straightforward to check that it maps im(c}^®^[F]) into im(cl^®^ [i?]), hence it induces, 
using the isomorphisms fl25l) for Nq'^1 [F] and [E] , a trace map tr : Nq'^1 [F] —> [E] 

as desired. □ 
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